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The solution of the time-dependent diffusion equation in a semiinfinite 
planar, cylindrical, or spherical geometry with common initial and asymptotic 
boundary conditions is considered. It is shown that this boundary value problem 
may be described by a single equation which involves only a first order spatial 
derivative and a half order time derivative. The replacement is exact in the 
planar and spherical geometry cases but approximate in the cylindrical case. 
This replacement permits the solution of the original boundary value problem 
to be written for any boundary condition at the origin. It also leads to a simple 
relationship between the boundary flux and the boundary intensive variable, 
which does not require a calculation of the intensive variable at all positions 
and times. 
1. INTRODUCTION 
The diffusion equation plays a paramount role in the theories of heat 
conduction [I], diffusion [2, 31, viscous flow [4], and in other instances [5] 
of transport theory. When augmented by an initial condition and appropriate 
boundary conditions, this equation uniquely describes the temporal and 
spatial dependence of some intensive variable. In the case of semiinfinite 
systems initially at equilibrium, a single boundary condition specifies the 
problem completely. This paper presents an equation which succinctly 
describes such systems. 
Frequently, in dealing with such semiinfinite systems, the sole interest 
concerns the relationship at the boundary between the intensive variable 
and the flux. We will derive such a relationship, use of which obviates the need 
to solve the original diffusion equation. 
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2. RESTRICTIONS 
We consider the diffusion equation 
(2.1) 
in which F is some intensive scalar quantity (temperature, concentration, 
vorticity, or the like) which varies with time and from point to point in a 
three-dimensional homogeneous medium, while k is a constant appropriate 
to the medium and to the type of transport. The operator a/at effects partial 
differentiation with respect to time; Va is the Laplacian operator which 
doubly differentiates with respect to the spatial coordinates. 
We shall consider circumstances in which the medium is initially at equilib- 
rium and concern ourselves with the transient response that ensues on 
perturbing the system. It is convenient to define t = 0 as the last instant at 
which equilibrium exists. Stated differently, we seek solutions to Eq. (2.1) 
subject to the initial condition 
F((, 7, (, 0) = F, = const. (2.2) 
Consideration will be restricted to perturbations, which are imposed on the 
medium through one of its boundaries. We shall not, however, further 
prescribe the type of perturbation, so that the boundary condition may be 
of the Dirichlet, Neumann, Cauchy [6], or any other type. 
Three (and only three) geometries of the boundary allow a reduction from 
three to one in the number of spatial coordinates needed to describe transport 
through the medium. We shall use three different values of a geometric 
factor y to characterize these simplifying geometries, namely: 
the infinite plane, y = 4 
the infinitely long cylinder, y = 0, and 
the sphere, y = - $. 
These geometries simplify the Laplacian operator so that Eqs. (2.1) and (2.2) 
acquire the simpler forms 
; F(y, t) = k gF(r, t) + (1r-+2; ’ ;F(*, t), (2.3) 
and 
F(y, 0) = Fco , (2.4) 
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where Y is the spatial coordinate directed normal to the boundary and having 
its origin at the boundary surface. In the cases of cylindrical and spherical 
geometries, the R in Eq. (2.3) represents the radius of the surface; R is 
without significance in the planar case. Henceforth we shall restrict considera- 
tion to the three simplifying geometries. Many important practical systems 
approximate closely to one or another of these cases. 
A final restriction is that we shall consider only times t short enough that 
the perturbation which started at t = 0 at the planar, cylindrical, or spherical 
boundary has not yet reached any other boundary of the medium. Alter- 
natively, we may consider t to be unrestricted provided that all other bound- 
aries are located infinitely far from the boundary of interest. In that event, the 
value of the intensive variable F at a point infinitely remote from r -== 0 will 
remain unaltered after any finite time, so that 
F(co, t) = F,. (2.5) 
This completes our list of restrictions. We now turn to the solution of Eq. 
(2.3) subject to conditions (2.4) and (2.5). 
3. SOLUTION 
Later in this article we shall demonstrate that the relationship 
_ $F@, t) = d= al/z F, 
I- 
z/k i?W 
F@, 4 - G + 5 [W, t) - F,l, (3.1) 
may be used to replace Eqs. (2.3)-(2.5). Equation (3.1) is exact for y = + 4 , 
but only approximate for the cylindrical, y = 0, case. The operator WjW:n 
effects partial semidifferentiation, an operation which we describe in the next 
section. 
Notice that, whereas Eq. (2.3) is second order in space and first order in 
time, Eq. (3.1) is first order in space and half order in time. The reduction in 
order has come about by embodying conditions (2.4) and (2.5) so that Eq. 
(3.1) represents the entire boundary value problem apart from the condition 
imposed at the Y = 0 boundary. 
Though Eq. (3.1) embodies the same information as (2.3) + (2.4) + (2.5), 
the new formulation has decided advantages in that it permits a solution of 
the boundary value problem to be written for an arbitrary boundary condi- 
tion. The solution which is sought in such a boundary value problem is not 
generally one which requires knowledge of F(r, t) for all r and t. More 
usually, the requirement is for a relationship between the flux J,, at the bound- 
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ary and the value F, of the intensive variable there [see the Appendix for 
definitions (A. 1) and (A.3)]. Such a relationship, namely, 
follows immediately from Eq. (3.1) on specifying Y = 0 and does not require a 
calculation of F(r, t) for all r and t. 
One obvious advantage of the present approach is that the diffusion equa- 
tion has been effectively solved for a completely arbitrary boundary condition. 
For a Dirichlet problem, in which F,, is specified, the solution follows imme- 
diately by substitution into Eq. (3.2). 
For a Neumann problem, wherein I,, is known and F,, is sought, it is 
necessary to revert Eq. (3.2), so that F,, is given as an explicit function of Jo . 
The most convenient form of such an explicit relationship is 
F =F / l- d-‘l”Jo 0 c-2 --~/“Jodh. 
z/k dt-li2 0 
(3.3) 
The semiintegration operator, d-112/dt-1i2, is discussed in the next section; 
the simple rules for this operation show that, in the y = Q case, Eq. (3.3) 
is an immediate consequence of (3.2). For the y = 0 and y = -& cases, 
Eq. (3.3) is exact only in the short time limit: the derivation in these cases is 
deferred until Section 6. 
For more complex boundary value problems, such as one in which the 
boundary condition provides an interrelation between F, and Jo, our approach 
has reduced the problem to one involving only the solution of a differential 
equation much simpler than the boundary value problem we started with. 
Table I summarizes the status of Eqs. (3.2) and (3.3). Where the entry 
“approx” is found, the degree of approximation depends on the magnitude 
of the dimensionless expression (Q - y)” kt/R2, the approximation improving 
as this expression becomes small in comparison with unity. 
TABLE I 
Symmetry Planar Cylindrical Spherical 
Y 4 0 -4 
Equation (3.2) 
Equation (3.3) 
Exact 
Exact 
Approx 
Approx 
Exact 
Approx 
Because the concepts of semidifferentiation and semiintegration may be new 
to many readers, we delay proof of Eq. (3.1) to give a brief exposition on these 
two operators. 
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4. SEMIDIFFERENTIATION AND SEMIINTEGRATION 
The operators dllz/dzl/z and d-1/2/dz-1/2 are special cases of the generalized 
operator 
where a fills the role of a lower limit and Q is any number. When 4 is the 
positive integer n, the operator degenerates to an n-th order derivative, 
while if 4 is the negative integer -II, the operator is 
repeated integral 
d-Y (4 
[d(z - a)]-” 
= 1: dznwl I:“-’ dz,-, ..a 1:’ dz, .) a f(zo) dz, . (4.3) 
(4.2) 
equivalent to an n-fold 
References in the literature to operator (4.1) are somewhat obscure but the 
interested reader will find a number of articles [7-111 and books [12-141 
relevant. 
The most comprehensive definition of the generalized operator is that due 
originally to Griinwald [lo]: 
dpf(4 [d(z - a)]” = $2 ! (4.4) 
However, for many purposes the equivalent Riemann-Liouville [9] definition, 
d*f (4 1 
s 
’ fGV d/i =- 
[d(r - 41* q- q) a [z - All+* ’ 
valid for q < 0, supplemented by the composition rule [1 l] 
d’lfC4 [d(z _ u)]” = $ ’ 
(4.5) 
(4.6) 
for 0 < q < n is more convenient. These definitions may be used to derive 
general results similar to the ones detailed below. For the most part, however, 
we restrict consideration to the special values a = 0, q = & & , the only 
noninteger cases which play a major role in the present study. 
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The semidifferentiation and semiintegration operators are linear: 
and homogeneous: 
The following rules also apply: 
and 
(4.7) 
(4.8) 
(4.9) 
(4.10) 
This last result may be derived from the 01 = 0 instance of the general rule 
for operation on the function zoL. This function is listed in Table II, with 
others which yield simple semiderivatives and semiintegrals. In this tabula- 
tion we adopt the notations for transcendental functions used in a standard 
handbook [15], with the addition of the convenient abbreviation 
dawy = s: exp(h2 - y2) dh, 
for Dawson’s integral. More formulas may be obtained by specializing the 
expression for generalized “differintegration” given by Erdelyi [12]. 
Other rules applicable to semiderivatives and semiintegrals include 
(4.12) 
and the following instances of the composition rule [l 11: 
and 
(4.14) 
g& gf (4 = $gf (4 - ,$&,I,. * (4.15) 
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TABLE II 
f(=) 
exd - z) 
erf J, 
exp(z) erfc J, 
daw 6 
In(z) 
sin(z) 
CO?.(Z) 
& + exp(z) erf JG 
1 __ - 
$G 
exp(z) erfc & 
q exp( - z) 
2 
x arctanh v”; 
+ 
,- 
arctan 1/z 
exp(z) erf V’S 
I -- exp(z) erfc ti\/‘Z 
$ [l - exp(-z)] 
!, 
2 li ; [ln(4z) -~ 21 
) d\/2 sin(z) C,(z) 
1 ~ b/2 cm(z) S&z) 
I 
d2 sin(z) S,(z) 
T d\/2 cos(z) C,(z) 
Equations (4.13) and (4.14), as well as Eq. (4.6), are special cases of the more 
general result [I l] 
which we shall have occasion to use later. 
Of importance in the present article are the rules 
(4.16) 
r 
co 
exp( - PZ) gf(z) dz = pllz J‘, exp(- pz)f(z) dx - [gf(z)] . 
- 0 z=o 
(4.17) 
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and 
jrn exp( - px) St(a) da = p-liz ,,” exp( - pz)f(z) dz, 
0 
(4.18) 
for Laplace transformation of semiderivatives and semiintegrals. Note that the 
term [d-1/2f(z)/dz-1/2]zIo occurring in (4.17) must be zero unless f(0) is 
infinite; hence this term may be ignored in most physical applications, includ- 
ing the present ones. 
Our final task in this section is to establish the inequality 
(4.19) 
for any negatiwe Q. We accomplish this 
integrals to definition (4.5), thus 
by applying the law of the mean for 
g&f,4 = q1 !- q) i z f (4 dh 0 [z - A]” 
x-4 z f(h) dx 
= l-(1 - q) J 0 [2 - h]l+q 
= s -$f(4, 
(4.20) 
(4.21) 
(4.22) 
where 5 has some value in the range 0 < 6 < a; inequality (4.19) follows 
immediately. One use we shall make of this inequality is to demonstrate that 
lim z-“-l d-n-1 
n-+m ! 
Jprc41 = 09 
provided d-lf(x)/dx-’ is finite. 
5. DERIVATION OF EQ. (3.1) 
(4.23) 
In this section we substantiate our assertion that Eq. (3.1) may be used in 
place of Eqs. (2.3)-(2.5). The replacement is exact in the planar and spherical 
cases (y = f 4) but approximate in the cylindrical (y = 0) case. 
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With dF(r, t) being defined as the difference F(r, f) - F(y, 0) and dF(r, s) 
as the Laplace transform of this difference, the equations 
and 
k ;; AF(r, s) + (’ ,-L2’ k ; AT@, s) =-- sAF(r, s) (5.1) 
I 
AF(oc, s) = 0 (5.2) 
result from Laplace transformation of Eqs. (2.3) and (2.5). The use of new 
variables [see the Appendix for definitions (A.4) and (A.5)] permits the con- 
traction of Eqs. (5.1) and (5.2) to 
and 
x2 g W(x) + x tx W(x) = [x” Jo y”] W(x) (5.3) 
${xGv(x)> = 0. (5.4) 
A general solution of Eq. (5.3) is 
Jw9 = 44 + Bfw), (5.5) 
where 01 and ,!3 are arbitrary constants, and &(x) and K,,(x) signify hyperbolic 
Bessel functions of order y. Such functions have the asymptotic expansions 
[I51 
(5.6) 
and 
K,(x) - J& exp(- x) [ 1 + 
(4Y2 - 1) + py - 1) (4Y2 - 9) --+ ...I ) 8x 1 28x2 
(5.7) 
valid for large x. Therefore, in order that (5.4) be satisfied, 01 must be zero. 
A very simple expression 
AF = /3xyK,,(x), (5.8) 
has thus been established for the transform of F(r, t) - F, . Its differentia- 
tion [15] leads to 
& dF = /3 $ {xyKv(x)> = - ~x~K,_,(x) (5.9) 
_ _ Aj KY-dx) . 
K&9 
(5. IO) 
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The Bessel function ratio may be written as an expansion 
KA4 ---z 
KY(x) 
1 +t-r 
X [ 
1 - T {I + o(&)}] (5.11) 
which terminates for y = f 4 but has an infinite number of terms for y = 0. 
Table III compares, for y = 0, values of the Bessel function ratio with the 
approximations to this ratio produced by truncating expansion (5.11) after 
two or three terms. Provided 
x > 1, (5.12) 
the tabulation shows that the error introduced by the truncation to 
is less than 5 o/0 for y = 0 and that little is gained by inclusion of a third term. 
Expression (5.13) is, of course, exact for y = * * . 
TABLE III 
x 
-0 
0.1 
0.2 
0.5 
1.0 
2.0 
5.0 
10.0 
20.0 
+co 
1 + (1/2x) 1 + (1/2x) - (l/W) 
4 -l/xlnx + 1/2x -+ -l/8x2 
4.060 6.000 -6.500 
2.725 3.500 +0.167 
1.792 2.000 1.500 
1.430 1.500 1.375 
1.214 1.250 1.219 
1.096 1.100 1.095 
1.049 1.050 1.049 
1.025 1.025 1.025 
+1 -+l -+l 
Combination of Eqs. (5.10) and (5.13) leads to 
when the original variables are restored. Recalling the rule [implicit in 
Eq. (4.17)] for inversion of the product of s1i2 and the transform of a function, 
Laplace inversion of Eq. (5.14) generates 
$[F-Fm] +&F-F,] ++4J (5.15) 
It now requires only application of rules (4.7) and (4.10) to derive Eq. (3.1). 
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It is worth reemphasizing that the above derivation is exact for the cases of 
planar and spherical symmetry. For the cylindrical case, the accuracy of Eq. 
(3.1) depends on inequality (5.12) which is equivalent to 
(5.16) 
or to 
(r + RI2 
t< k . 
That is, the validity of Eq. (3.1) is g uaranteed only for short times in the 
cylindrical case. 
6. REVERSION OF (3.2) 
In this final section, we establish that Eq. (3.3) follows from (3.2) approxi- 
mately if y = 0 or -4 . We also derive an alternative expression for J,, 
which is exact for y == -4 [but less convenient than (3.3)] and more exact 
than (3.3) for y = 0. 
Definitions (A.6) and (A.7) of the Appendix and Eqs. (4.7)(4.10) enable 
Eq. (3.2) to be written in the abbreviated form 
where C$ and 7 are proportional to F, - F, and t, respectively. This expression 
is an “extraordinary differential equation” [16] in the dependent variable (h 
and has the solution [ll] 
subject to the condition $ == 0 when 7 = 0. 
Equation (6.2) is as exact as (3.2), i.e., perfectly exact for y == -$ and valid 
for short times if y = 0. In the short time limit, however, a more convenient 
form 
* = d-lizJo d- ‘Jo ~ dp3izJo dp2Jo d--512 Jo __-___ --__ 
dT-W d7--l d7-3/2 (t7-2 -!- =5/2 -- ..’ > (6.3) 
can be produced by repeatedly applying the rule for integration by parts to the 
right side of Eq. (6.2), making use of the composition rule (4.16). That the 
remainder is negligible after a large enough number of such operations is a 
consequence of inequality (4.19). 
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Equation (3.3) follows from (6.3) by truncation after the first two terms, 
followed by restoration of the original variables. The remainder of this section 
is devoted to the placement of bounds on the truncation error. 
Setting q = (- 2j + 1)/2 in the relationship (4.19) gives 
o < d--j--1/2Jo/dT+‘--1/2 < IT 
&_j+l/2JOld~-j+1/2 2j _ 1 ’ (6.4) 
where j is any positive integer. If this expression is written for j = 1, j = 2, 
j = 3,..., j = n, the inequality 
0-C 
d-n--1/2 Jo/&-n-l/2 
(24 
&1f2Jol&-V2 < 1 * 3 - 5 ‘.a (2n - 1) 
(6.5) 
is generated on multiplication of the n expressions. A summation from n = 1 
to n = co of such inequalities now leads to the result 
-f &n-1/2 Jo/&-"-l/2 
0 < n=l 
&1/2J&+l2 (6.6) 
The upper bound will be recognized as the transcendental function l/G 
exp(T) erf d;, and therefore 
where 
0 < 1 6, 1 < z/G exp(T) erf 1/K 
In a strictly analogous fashion, it may be demonstrated 
where 
O<lS,I <exp(T)-1. 
that 
(6.8) 
(6.9) 
(6.10) 
Returning now to Eq. (6.3), we see that all right side terms after the first 
two are included in one or other of the summations (6.7) or (6.9) and that 
therefore 
d-lf2 J,, 
4 = &l/2 c1 + ‘11 - &_I d_1J, [I + S,]. (6.11) 
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Values of 6, and 6, are not generally known, but their bounds are given 
analytically in Eqs. (6.8) and (6.10), and numerically in Table IV. It should 
be emphasized that the tabulated 6 values represent the maximum possible 
values of the relative truncation errors. The true error will usually be much 
smaller. Moreover, since 6, and 6, multiply terms of opposite sign, there will 
often he a measure of error cancellation. 
TABLE IV 
Bounds for 
7 6% 6% 
____~ .-___ 
-0 --, &27 + It7 
0.0100 10.020 ;0.010 
0.0225 *0.047 kO.023 
0.0400 10.082 50.041 
0.0900 50.191 hO.094 
0.2500 ho.592 rtO.284 
0.4900 *1.373 10.632 
1.0000 *4.061 11.718 
For small enough values of 7, [and hence of t], the 6 values become much 
smaller than unity; and Eq. (6.11) consequently reduces to (3.3). 
APPENDIX: NOMENCLATURE 
a, C, 01, B 
F 
W, t> 
F, E 
F, 
AFssF-Fm=F(r,t)-FF, 
AF 
f (4, d-4 
.T,, = - k g (0, t), 
i, n, N 
k 
arbitrary constants 
an intensive scalar quantity 
value of F at r and t 
F(0, t), surface value of F 
initial constant value of F 
Laplace transform of AF 
arbitrary functions 
surface flux 
positive integers 
a proportionality constant 
(A.1) 
(A.2) 
(A.3) 
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P, s 
9 
R 
7 
4 = [4 - rl Wo - FaIIR 
dummy variables of Laplace trans- 
formation with respect to x, t 
a number designating the order of 
the generalized differential-inte- 
gral operator 
radius of the cylindrical or sphe- 
rical boundary surface 
the spatial coordinate directed nor- 
mal to the boundary 
time since onset of the perturba- 
tion 
(-4.4) 
(4 
arbitrary variables 
a geometric factor 
fractional truncation errors 
general spatial coordinates 
(-4.6) 
64.7) 
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